Production, maintenance, and quality are often modeled as separate problems, despite the strong link that exists between these primary components of any manufacturing system. This paper deals with an integrated approach for the joint optimization of production-inventory control and preventive maintenance policy for a manufacturing cell comprising an imperfect process where the 'in-control' period have a general deterioration distribution. The production-inventory control policy based on the hedging point policy consists of building and maintaining a security stock of finished products in order to respond to demand and to avoid shortages during restoration actions. Restoration actions are planned when the system switches to the 'out-ofcontrol' state and starts producing non-conforming items. The manufacturing cell is also subject to an age-based preventive maintenance policy in order to reduce the shift rate to the 'out-ofcontrol' state. The main objective of this paper is to determine the joint optimal policy that minimizes the overall cost, which is comprised of setup, maintenance, inventory holding and shortage costs, as well as the cost incurred by producing non-conforming items. A mathematical model is proposed, and the expression of the overall incurred cost is derived and used as a basis for the optimal determination of the joint production-inventory control and preventive maintenance policy. These issues are illustrated using numerical examples. It is found that performing preventive maintenance will yield reductions in the overall incurred cost. Sensitivity analyses are also carried out in order to illustrate the robustness of the proposed methodology.
Introduction
Manufacturing system performance is affected mainly by random phenomena such as machine breakdowns and product quality deterioration. In order to respond to demand requests, manufacturing equipment must be maintained in top operating condition through adequate maintenance programs. Despite the fact that production, maintenance, and quality seem to be so closely related to one another, most research does not integrate them into a single model in order to analyze their underlying interactions and their impact on the global performance of manufacturing systems. Indeed, manufacturing systems start in an 'in-control' state, producing conforming items of acceptable quality. However, and after a random span, they shift to the 'outof-control' state and start producing non-conforming items (Ben-Daya (2002) , , Radhoui et al. (2009) ). In practice, preventive maintenance should reduce the frequency of transition to the out-of-control state and the production rate of non-conforming items. These aspects will improve the manufacturing system throughput, its capability to respond to the demand by avoiding shortages, and will reduce the overall incured cost.
Due to complexity considerations, various event-oriented models have been developed to face the uncertainties implicit in the sub-classes of manufacturing systems considered. The different contributions associated with integrated models covered in the literature can be classified as follows: (1) joint production and maintenance problems, (2) joint production and quality problems, and (3) joint production, maintenance, and quality problems.
During the last decades, several production control and maintenance policies have been proposed in order to improve manufacturing system performance. Kimemia and Gershwin (1983) , and Akella et al. (1984) have considered the production control problem for systems prone to failures. Akella and Kumar (1986) have introduced the Hedging Point Policy (HPP), which entails that the buffer stock be built up with an excess production capacity and then maintained at its maximum level in order to palliate for interruptions due to breakdowns. Akella and Kumar (1986) , and Feng and Xiao (2002) have shown that the HPP policy is optimal for systems prone to failures described by homogeneous Markov processes (i.e., time-invariant up and down transition rates), and that are thus only subject to corrective maintenance.
To attenuate the impact of failures on the overall performance of manufacturing systems, Barlow and Hunter (1960) introduced the age replacement policy (ARP) concept, which consists of replacing a unit at failure or whenever it reaches a constant threshold age T. They also bring in the notion of the block replacement policy (BRP), under which units are replaced at failure or at fixed intervals kT (k = 1, 2…) independent of the unit age. Detailed comparisons of the ARP and BRP are proposed by Barlow and Proschan (1965) , who find mainly that the ARP is economically superior to the BRP.
A significant portion of the literature is devoted to the cost minimization through combined preventive maintenance and production/inventory control policies. These mathematical models combine BRP or ARP with production/inventory control policies to respond to demand during maintenance activities (Ki Ling and Hausman (1997) , Salameh and Ghattas (2001) , Tadashi et al. (2001) , Chelbi and Ait-Kadi (2004) , Kenné et al. (2007) , Gharbi et al. (2007) , , Rezg et al. (2008) , Berthaut et al. (2011) ).
In considering manufacturing processes, many authors looked at defective items in order to tackle the economic order/manufacturing quantity problem (i.e., EOQ/EMQ) (Porteus (1986) , Lee and Rosenblatt (1987) , Hariga and Ben-Daya (1998) , Goyal and Cardenas-Barron (2002) , Ben-Daya et al. (2006) , We et al. (2007) , Ben-Daya and Noman (2008) ).
More recently, a few researchers have proposed integrated models linking the preventive maintenance, product quality, and production components. Most such proposed models consider manufacturing systems composed of a single imperfect machine manufacturing a single product to respond to a constant and continuous demand. Ben-Daya (1999 , 2002 , and Ben- Daya and Rahim (2000) propose original models for the joint optimization of the economic manufacturing quantity, the economic design of x control charts, and the optimal maintenance level for a single product, deteriorating mono processor systems. The proposed models do not consider the impact of shortage situations on the optimal policy. propose an integrated production-maintenance strategy for a single product, single machine system producing conforming and non-conforming items. The proposed model aims to simultaneously find the economic manufacturing quantity and the optimal age T at which preventive maintenance must be performed. Unlike models based on the production control concept , ), these models consider that the manufacturing process will produce a specific quantity, the EMQ, and then shut down until the inventory is complete depleted. Radhoui et al. (2009) propose a joint quality control, preventive maintenance, and production control policy for a single product, single machine system producing conforming and nonconforming items. The proposed policy does not consider a continuous inspection of manufactured products, but requires that the quality of each manufactured lot be controlled with a specific size, and according to the percentage of non-conforming items noted, a decision is made to either continue or to stop production in order to perform a preventive or a corrective action. A simulation-based approach is considered in order to simultaneously determine the optimal policy parameters which minimize the expected total cost per time unit. This paper investigates the contribution of integrating a production-inventory control policy and a preventive maintenance policy in order to attenuate the impact of non-conforming items on the overall performance of a manufacturing cell composed of an automatic machine. The manufacturing cell is dedicated to producing a single product type, and is subject to quality deterioration. The production-inventory control policy is based on the HPP policy (Akella and Kumar (1986) ), under which the manufacturing cell operates, initially, at a maximum production rate in order to satisfy demand and to build up a buffer stock. Once the buffer stock is built, the production rate is reduced in order to satisfy the demand rate. This buffer stock is put in place to palliate shortage situations during restoration actions, which for their part are planned when the system switches to the 'out-of-control' state and starts producing non-conforming items. An agebased preventive maintenance policy (APM) is also considered in order to reduce the probability of shifting to the 'out-of-control' state. After a random period of time spent producing conforming items, the manufacturing cell can shift to the 'out-of-control' state and start producing a percentage of non-conforming items. A restoration action of random duration then takes place following a logistic period used to prepare all required resources. The manufacturing cell machine is then restored to the 'as-good-as-new' 'in-control' state, and once again starts producing conforming items.
A mathematical model considering all possible scenarios that can occur depending on the instant at which the manufacturing cell shifts to the 'out-of-control' state, is proposed, and allows a more realistic consideration of the real behavior of manufacturing cells. The model determines the joint optimal production-inventory control and age-based preventive maintenance policy (i.e., the HPP/APM policy) which minimizes the total average cost per time unit over an infinite horizon. The total cost includes the setup, preventive maintenance, restoration, inventory holding and the shortage costs, as well as the costs incurred by producing non-conforming items. A solution procedure is also proposed to assess the optimal inventory size and the age at which preventive maintenance actions must be performed.
The remainder of the paper is organized as follows. The system description and its dynamic and stochastic behaviors are discussed in Section 2. Section two also presents basic notations and assumptions. The joint production-inventory control, preventive maintenance, and product quality model is developed in Section 3. Section 4 presents a numerical procedure for solving the proposed model, some numerical results to illustrate important issues related to the model, and a sensitivity analysis to demonstrate its robustness. Finally, Section 5 contains a summary of the paper and some concluding remarks.
Manufacturing system description

System description
Consider a manufacturing cell composed of an automatic machine dedicated to producing a single product type to satisfy a constant and continuous demand at rate d. The automatic machine can operate at maximum capacity at rate U max , where U max >d. The manufacturing cell is subject to random perturbations caused by product quality deterioration. Initially, the manufacturing cell starts in an 'in-control' state, producing conforming items of acceptable quality. After a random operating period (), the manufacturing process may shift from the 'in-control' state to the 'outof-control' state and starts producing a percentage () of non-conforming items. In spite of outof-order situations where the production process is aborted, during out-of-control situations, the manufacturing cell continues to producing conforming and no-conforming items. The automatic manufacturing cell machine allows the instantaneous detection of the 'out-of-control' state. The 'in-control' state period is a random variable with general probability distribution having an increasing hazard rate. f() and F() are respectively the density and distribution functions associated with the random variable .
In order to reduce the shift rate to the 'out-of-control' state, preventive maintenance actions requiring negligible time periods are planned during the 'in-control' state period. The preventive maintenance policy is based on an ARP policy with a threshold age T.
Upon transition to the 'out-of-control' state, a restoration action is started after a constant delay, denoted Logistic Delay Period (LDP). During LDP, the manufacturing cell continues to producing conforming and non-conforming items. The LDP is required in preparing all resources (human and material) necessary for restoration actions. During restoration actions, the production process is aborted. The restoration action delay (t r ) is a random variable having a general probability distribution with mean value MTTR (i.e., Mean Time To Restore). h(t r ) and H(t r ) are respectively the density and distribution functions associated with the random variable t r .
The manufacturing cell production process is controlled over time by a production-inventory control policy based on the HPP policy in order to respond to demand and to avoid shortages during restoration actions. The HPP policy entails that the manufacturing cell be operated at maximum capacity (U max ) until a security stock of finished products with capacity Z is built, after which, it will be maintained during the production phase until the beginning of the restoration action. After a preventive maintenance or a restoration action, the manufacturing facility transits to the 'as-good-as-new' 'in-control' state and starts producing conforming items. Although additional capacity generally implies additional cost, in this paper we consider that the operating cost of the manufacturing cell is constant since capacity decision is rather strategic than operational decision. In effect, most manufacturing systems were designed with additional capacity in order to palliate several perturbations such as demand increasing and variability, supplier's weaknesses and failures, production variations, equipment breakdowns, quality deterioration, etc.
Once restorations are achieved, the production process is resumed only when the on-hand inventory is exhausted (no-resumption policy is considered (Groenevelt et al. (1992) )). In effect, many authors show that it is not optimal to build up the security stock immediately after restoration action is completed, and that the inventory construction can begin after a specific period from the production start up (Salamah and Ghattas (2001), Gharbi Kenné et al. (2007) ). A setup action with a cost C SU and with a negligible delay is then carried out before the production process is restarted. During a restoration action, an inventory shortage may occur due to longer restoration delays. In such cases, quantities required during a shortage period are not delivered after the manufacturing cell restoration, and are considered as lost demand. The objective is to find the joint production flow rate control and the preventive maintenance strategy, that minimizes the expected total quality, preventive maintenance, restoration, setup, inventory holding and shortage costs per unit of time, as depicted in figure 1.
Fig. 1 Manufacturing system dynamics
Stochastic and dynamic behaviour of the manufacturing cell
The manufacturing cell state evolves in a cyclic renewal manner since the time interval between two successive production start points constitutes a complete cycle including the production and the restoration phases. In fact, a renewal cycle starts with a renewed manufacturing cell having a zero inventory level and ends with a machine that is restored to the 'as-good-as-new' 'in-control' state with a zero inventory level. During the production phase, and depending on the random instant at which the automatic machine shifts to the 'out-of-control' state, the manufacturing cell can be in one of the three following scenarios, denoted Scenarios 1, 2, and 3.
Scenario 1: Preparation for restoration ends before reaching security stock capacity
This scenario occurs when the manufacturing cell shifts to the 'out-of-control' state and the preparation for the restoration action ends before the maximum inventory level Z is reached (Fig. 2) . In order to reduce the shortage probability during the restoration phase, the manufacturing cell continues production during the 'out-of-control' state until it builds the security stock. At that point, the production process is aborted, and the restoration activity starts immediately.
Figure 2 Inventory evolution according to Scenario 1
The occurrence of Scenario 1 is constrained by condition (1), where Z 1 is the critical inventory level from which the preparation for the restoration action ends after the building of the security stock (Eq. 2); X T is the time to shift to the 'out-of-control' state under an APM policy with threshold age T and SSCD (i.e., Security Stock Completion Delay) is the delay required to reach the maximum inventory level (Z) after achieving the preparation activity for restoration.
During the production phase, the manufacturing cell produces at its maximum production rate (U max ). However, stock replenishment is performed according to two different rates:
-(U max -d) for as long as the manufacturing cell is in the 'in-control' state.
-(U max (1-) -d) once the manufacturing cell shifts to the 'out-of-control' state, and providing the security stock is not yet built.
Scenario 2: Transition to the 'out-of-control' state occurs before, and preparation for restoration ends after, reaching security stock capacity
According to this scenario, the transition to the 'out-of-control' state occurs after the critical inventory level Z 1 is reached, and before building the security stock (Fig. 3 ).
Figure 3 Inventory evolution according to Scenario 2
The occurrence of Scenario 2 is constrained by the following condition:
With Scenario 2, and during the production phase, the manufacturing cell produces according to two different rates:
-Maximum rate U max before the maximum inventory level Z is reached.
-Adjusted rate d (1+) once the maximum inventory level Z is reached.
The stock replenishment is also performed according to two different rates:
-(U max (1-) -d) once the manufacturing cell shifts to the 'out-of-control' state, and provided that the security stock is not yet built.
Scenario 3: Transition to the 'out-of-control' state occurs after reaching stock level Z
The occurrence of Scenario 3 is constrained by the following condition:
Accordingly, Scenario 3 happens if the transition to the 'out-of-control' state occurs after the security stock is built (Fig. 4) .
Figure 4 Inventory evolution according to Scenario 3
During the production phase, the manufacturing cell produces according to three different rates:
-Demand rate d after the maximum inventory level Z is reached, and for as long as the manufacturing cell remains in the 'in-control' state. -Adjusted rate d (1+) during the preparation action for restoration (LDP).
On the other hand, the stock replenishment is performed according to the rate (U max -d).
Figures 2, 3, and 4 also show that whatever the scenario being considered, the inventory level behavior during the restoration phase remains unchanged. In fact, the restoration phase begins with a full inventory and ends either with a surplus (Figs. 2(a) , 3(a), 4(a)) or a shortage situation (Figs. 2(b) , 3(b), 4(b)), depending on the length of the random restoration period (t r ).
Overall cost mathematical model
In this section, we formulate the mathematical model of the overall cost incurred by the joint HPP/APM policy of the imperfect manufacturing cell considered. The overall cost is composed of the incurred costs during the production phase and those incurred during the restoration phase, when the manufacturing cell is shut down.
The joint optimal HPP/APM policy is determined by the optimal values of the security stock capacity and the threshold age at which preventive maintenance activities are carried out (Z * , T * ), which minimize the overall expected cost per time unit through an infinite horizon (C t ). Therefore, the related optimal control policy is given by equation (5) where u(t) is the controlled production rate of the manufacturing system and z(t) is the inventory level at time t; if z(t) is positive, it represents inventory surplus, while a negative value represents a shortage.
and the system is in the 'in-control' state 1 if and the system is in the 'out-of-control' state
According to the renewal reward theorem, the overall expected cost (C t ) is equal to the weighted expected cost per time unit incurred during the production and restoration phases by the occurrence of Scenarios 1, 2, and 3, during inventory surplus or shortage situations (Eq. 6).
where CF i (i = 1, 2, 3) denotes the cost incurred during the production phase upon occurrence of Scenario i; Pr i denotes the probability of occurrence of Scenario i; LC iH and LC iS respectively denote the expected length of a production/restoration cycle upon occurrence of Scenario i and during inventory surplus or shortage situations; CR H and CR S respectively denote the costs incurred during the restoration phase upon occurrence of surplus and shortage situations, and Pr H and Pr S respectively denote the probabilities of occurrence of surplus and shortage situations.
The next paragraphs formulate the explicit analytical expressions of the various components of the overall expected cost incurred by the joint HPP/APM management policy of the manufacturing cell (Eq. 6). The probabilities Pr i , Pr H , Pr S , and the expected lengths of a production/restoration cycle (LC iH , LC iS ) associated with various scenarios will first be determined. Next, the detailed analytical expressions of the incurred costs during production and restoration phases will be developed.
Probabilities of occurrence of various scenarios
Probability of occurrence of Scenario 1
Let N 1 be the maximum number of preventive maintenance actions at age T that the manufacturing cell can undertake before the critical inventory level Z 1 is reached. N 1 is given by:
where a div b denotes the result of the integer division of a by b.
The probability of being in Scenario 1 (Pr 1 ) is equal to the probability of the manufacturing cell shifting to the 'out-of-control' state before the execution of the first, the second, ..., the N 1 th preventive maintenance action, or after the execution of the N 1 th preventive maintenance action, and before the critical inventory level Z 1 is reached. The probability Pr 1 can be expressed by:
where a mod b denotes the rest of the integer division of a by b, and R() is the reliability function of the random variable  (R() = 1-F()).
Probability of occurrence of Scenario 2
Let N be the maximum number of preventive maintenance actions at age T that the manufacturing cell can undertake before the maximum inventory level Z is reached. N is given by:
The occurrence probability of Scenario 2 (Pr 2 ) is equal to the probability of the manufacturing cell shifting to the 'out-of-control' state while the inventory level is comprised between Z 1 and Z. The probability Pr 2 can be determined by:
Probability of occurrence of Scenario 3
The occurrence probability of Scenario 3 (Pr 3 ) is equal to the probability of the manufacturing cell shifting to the 'out-of-control' state while the security stock is already built. The probability Pr 3 can be deduced by:
Probability of occurrence of an inventory surplus situation
The occurrence probability of an inventory surplus situation (Pr H ) after the completion of a restoration action is independent of the scenario that can occur during the production phase. The probability Pr H is given by:
where Z/d is the time during which the entire safety stock will be consumed by the demand.
Probability of occurrence of a shortage situation
The occurrence probability of a shortage situation (Pr S ) after the completion of a restoration action is also independent of the scenario that can occur during the production phase. The probability Pr S can be deduced by:
Expected length of a production/restoration cycle
The expected length of a production/restoration cycle depends on the scenario that can occur during the production phase and upon occurrence of a surplus or a shortage situation further to a restoration action. The expected length of a production/restoration cycle includes the mean life time before transiting to the 'out-of-control' state, the logistic delay period required to prepare the resources for the restoration action, and the mean restoration time in a shortage situation or the time required to consume the entire security stock in an inventory surplus situation.
Expected cycle length upon occurrence of Scenario 1
In case of occurrence of Scenario 1, and if the restoration action ends with a surplus inventory ( Fig. 2(a) ), the expected length of the production/restoration cycle (LC 1H ) is given by:
where E 1 (X T ) is the mean life time of the manufacturing cell in the 'in-control' state upon occurrence of Scenario 1.
The manufacturing cell life time upon occurrence of Scenario 1 is a continuous time random variable, depending on the threshold age T, and defined on interval
Consequently, E 1 (X T ) can be expressed by:
The required expected delay to reach the maximum inventory level after the completion of a preparation action for restoration (SSCD) is given by equation (16) where the logistic delay period (LDP) is assumed to be constant. Indeed, the resources required for restoration action are considered available and internal to the company.
If the security stock cannot respond to the demand during the restoration period, a shortage situation is observed (Fig. 2(b) ). Therefore, the expected length of the production/restoration cycle is given by:
where E S (t r ) is the expected time to restore the manufacturing cell in a shortage situation:
Expected cycle length upon occurrence of Scenario 2
In case of occurrence of Scenario 2, and if the restoration action ends with a surplus inventory ( Fig. 3(a) ), the expected length of the production/restoration cycle (LC 2H ) is given by:
where E 2 (X T ) is the mean life time of the manufacturing cell 'in-control' state upon occurrence of Scenario 2.
The manufacturing cell life time upon occurrence of Scenario 2 is a continuous time random variable, depending on the threshold age T, and defined on interval
Consequently, E 2 (X T ) can be expressed by:
If a shortage situation is observed (Fig. 3(b) ), the expected length of the production/restoration cycle is given by:
Expected cycle length upon occurrence of Scenario 3
If the restoration action ends with a surplus inventory after the occurrence of Scenario 3 (Fig. 4(a) ), the expected length of the production/restoration cycle (LC 3H ) is given by:
where E 3 (X T ) is the mean life time of the manufacturing cell 'in-control' state upon occurrence of Scenario 3.
The manufacturing cell life time upon occurrence of Scenario 3 is a continuous time random variable, depending on the threshold age T, and defined on interval
Consequently, E 3 (X T ) can be expressed by:
Upon occurrence of a shortage situation (Fig. 3(b) ), the expected length of the production/restoration cycle, denoted LC 3S , is given by:
Expected cost incurred during production phase
The costs incurred during the production phase upon occurrence of scenario i (i = 1, 2, 3) consists of the setup, inventory holding, preventive maintenance, and non-conforming item costs (Eq. 25).
where CPM i , CI i , and CNC i are respectively the expected costs for preventive maintenance, inventory holding, and non-conforming items produced upon occurrence of Scenario i.
Expected preventive maintenance cost
The expected cost for preventive maintenance (CPM i ) is equal to the product of the unit cost of a preventive maintenance action (C PM ) by the expected number of preventive actions carried out upon occurrence of Scenario i (E i (NPM)) (Eq. 26).
 
Considering Scenario 1, the number of preventive maintenance actions (NPM) is finite since the transition to the 'out-of-control' state can only occur before the inventory level threshold Z 1 is reached. Consequently, the variable NPM is a discrete integer random variable taking its values in the interval [0, N 1 ] (Fig. 5-a) . The expected number of preventive actions carried out upon occurrence of Scenario 1 can be expressed by:
(a) Scenario 1 (b) Scenario 2 (c) Scenario 3
Figure 5 Preventive maintenance actions performed during production phase
Upon occurrence of Scenario 2, the number of preventive maintenance actions is also finite since the transition to the 'out-of-control' state can only occur before the maximum inventory level Z is reached. Consequently, the variable NPM is a discrete integer random variable taking its values in the interval [N 1 , N] (Fig. 5-b) . Thus, the expected number of preventive maintenance actions performed during the occurrence of Scenario 2 is given by:
Contrary to Scenarios 1 and 2 where the number of preventive actions is finite, the number of preventive maintenance actions upon occurrence of Scenario 3 can tend towards infinity. In fact, the variable NPM is a discrete integer random variable taking its values in the interval [N, ∞] (Fig. 5-c) . Accordingly, the expected number of preventive actions performed upon occurrence of Scenario 3 can be evaluated by:
Expected cost for inventory holding
The expected cost for inventory holding (CI i ) can be evaluated by multiplying one item holding cost per unit time (C I ) by the average quantity held in security stock during the production phase upon occurrence of Scenario i ( i IH ) (Eq. 30).
The average quantity held in stock can be evaluated by considering the surface under the curve of evolution of the inventory during the production phase (Fig. 6) IH are evaluated respectively by the equations (31), (32), and (33).
Figure 6 Inventory holding during production phase
Expected cost of non-conforming items
As soon as it shifts to the 'out-of-control' state, the manufacturing cell starts and continues to produce non-conforming items during the logistic delay period and until the security stock is built. The cost of non-conforming items includes the product raw material cost and the cell operating cost. Thus, the expected cost of non-conforming items produced by the manufacturing cell upon occurrence of Scenario 1 is determined by equation (34), where C RM is the raw material cost per item and C MCO is the manufacturing cell operating cost per time unit.
The expected cost of non-conforming items produced by the manufacturing cell upon occurrence of Scenario 2 can be expressed by:
where PNC Umax is the expected period during which the manufacturing cell produces conforming and non-conforming items at its maximum production rate (Eq. 36) (i.e., time length of zone 2 (Fig. 6-b) ).
Upon occurrence of Scenario 3, the expected cost of non-conforming items is given by equation (37), where (/(1+) is the proportion of time during which the manufacturing cell produces non-conforming items.
Expected cost incurred during restoration phase
The cost incurred during the restoration phase consists of the restoration cost, shortage cost and/or inventory holding cost.
Figures 2(a), 3(a), and 4(a) illustrate the situation where no shortage is observed during the restoration phase upon occurrence of Scenarios 1, 2, and 3, respectively. In this situation, an inventory surplus is noted, and the manufacturing cell remains non-operational until the complete depletion of the security stock. Thus, the cost incurred during the restoration phase in situations of surplus includes the cost for restoration (C R ) to the 'as-good-as-new' 'in-control' state, and the inventory holding cost and can be expressed by:
Figures 2(b), 3(b), and 4(b) illustrate the situation where a shortage situation is observed during restoration phase upon occurrence of Scenarios 1, 2, and 3, respectively. In this situation, the non-satisfied demand is assumed to be lost with a unit cost C S , and the manufacturing cell starts producing conforming items immediately after a restoration action is undertaken. Therefore, the cost incurred during the restoration phase in situations of shortage is given by:
The problem is then to simultaneously determine the optimal values of the decision variables: the security stock capacity (Z * ) and the preventive maintenance threshold age (T * ) that minimize the overall expected cost (C t ) incurred by the joint production-inventory control and age-based preventive maintenance policy.
Numerical examples and sensitivity analysis
We should recall that the overall expected cost C t is equal to the weighted expected cost per time unit incurred during the production and the restoration phases by the occurrence of Scenarios 1, 2, and 3, in cases of inventory surplus or shortage (Eq. 6). We then describe the optimization procedure developed to determine the joint optimal HPP/APM policy and its corresponding minimum overall expected cost C t
. Following that, we present a numerical example to illustrate the applicability of the optimization procedure, and finally, we carry out sensitivity analyses to demonstrate the robustness of the proposed integrated model and to illustrate its important aspects.
Optimization procedure
Given the complexity of solving the proposed joint optimization model analytically, an iterative numerical optimization procedure has been developed with MATLAB software (Fig. 7) . The optimization procedure allows a deduction of the optimal values of the decision variables (Z * , T * ) and their corresponding minimum overall expected cost (C t * ) for any operational and cost parameters of the considered manufacturing cell.
Figure 7 Iterative numerical procedure for joint optimal policy
The optimization procedure integrates an initialization module to read the input data (f(), MCO , ΔZ, ΔT); ΔZ and ΔT are the increment values corresponding to the inventory level and the threshold age. The optimization procedure also includes other subroutines allowing the evaluation of the occurrence probability of possible scenarios, the expected cycle length for each scenario, the expected total cost incurred during the production phase for each scenario, and the expected total cost incurred during the restoration phase in a surplus or a shortage situation.
Numerical example
Consider a manufacturing cell having an automatic machine, manufacturing a single product type, and responding to a constant periodic demand of 20,160 units/month. The automatic machine can produce at a maximum rate equal to 32,400 units/month. The manufacturing cell is subject to a random alteration of its product quality. Statistics show that the 'in-control' state periods follow a Weibull distribution with shape and scale parameters 1.5 and 1, respectively; the mean life time of the manufacturing cell in the 'in-control' state is equal to 0.903 month.
After a random operating period in the 'in-control' state, the manufacturing process may shift to the 'out-of-control' state, and start producing non-conforming items, at a rate equal to 1% of the actual production rate. Upon transition to the 'out-of-control' state, a preparation of the resources required for a restoration with a duration of 0.03 month is carried out. Restoration actions have random durations following a Gamma distribution with shape and scale parameters 2 and 40, respectively; the mean restoration time to the 'as-good-as-new' 'in-control' state is equal to 0.05 month.
The following costs are also chosen considering nevertheless a realistic context: It can thus be deduced that the joint optimal HPP/APM policy aims to produce at the maximum rate until the security stock capacity of 2180 items is reached, after which the production rate is reduced to satisfy the demand rate. The joint optimal policy also dictates that a preventive maintenance action be performed as long as the restored or the maintained manufacturing cell is in the 'in-control' state -until a threshold age of 0.12 month is reached. According to these settings, the minimum overall cost incurred by the joint optimal policy is $42,405.60/month. 
Figure 8 Overall incurred cost evolution with respect to T and Z
The results clearly illustrate the trade-offs that exist between the preventive maintenance frequency and the overall incurred cost (Fig. 8-a) . In fact, reducing the preventive maintenance frequency yields an increase in the overall incurred cost. With no preventive maintenance (T → ∞), the overall incurred cost rises to $49,423.30/month (i.e., 16.55% relative cost increase), requiring a security stock hedging level of 2840 items. As expected, preventive maintenance has contributed in improving the overall performance of the manufacturing cell by reducing the incurred overall cost and by attenuating the shift frequency to the 'out-of-control' state. In this context, the proposed joint policy allows the assessment of the exact value of the optimal frequency at which preventive actions should be carried out (T * ).
Sensitivity analysis
A set of experiments have also been considered to measure the sensitivity of the proposed joint optimal HPP/APM policy with respect to the model parameters.
The goal is to demonstrate the efficiency and the robustness of the proposed model and to study the behaviour of the joint optimal policy when varying cost parameters, the proportion of non-conforming items, the mean logistic delay period, and the mean value of the restoration time distribution.
Influence of cost parameters
Table 1 presents 14 cost parameter configurations derived from the basic case (case 1) by changing them to higher and lower values, one at a time; the basic case is the manufacturing cell configuration considered in the previous numerical example. Table 1 highlights the consistency between the variation of each cost parameter and the optimal decision variables and cost. Their variations are examined and compared with the basic case as follows:
-Variation of the restoration cost C R (cases 2 and 3): When the restoration cost increases (case 3), the joint control policy gives preference to preventive maintenance, and as a result, the preventive maintenance age threshold (T * ) decreases. In this situation, the average number of failures decreases, resulting in fewer inventory shortages. Consequently, the inventory control requires a lower hedging point Z * . An increase in the restoration cost leads both to a decrease in the inventory cost and to an increase in the maintenance cost, but the overall cost increases. A decrease in the restoration cost has the opposite effects (case 2).
-Variation of the preventive maintenance cost C PM (cases 4 and 5): A variation of the preventive maintenance cost has the opposite effect when compared with the variation of the restoration cost. Indeed, they both affect the optimal balance between preventive maintenance and restoration.
-Variation of the setup cost C SU (cases 6 and 7): A variation of the setup cost has the same (opposite) effect when compared with the variation of the restoration (preventive maintenance) cost.
-Variation of the inventory holding cost C I (cases 8 and 9): When the holding cost increases (case 9), the joint optimal policy reacts by lowering the hedging point Z * . The average inventory level will then decrease, while the risk of shortage increases. The maintenance control policy then adapts to avoid breakdowns by lowering the preventive maintenance age threshold (T * ). The total cost increases in response to an increase in the holding cost. Note that a decrease in the holding cost has the opposite effects (case 8). -Variation of the shortage cost C S (cases 10 and 11): A variation of the shortage cost has the opposite effect when compared with the variation of the inventory holding cost. The system tolerance for shortage risk is affected by any variations of the shortage cost. The joint optimal policy gives preference to increased security stock capacity when the shortage cost increases (case 11). As a result, the hedging point level Z * and the preventive maintenance age threshold (T * ) increase; also the overall incurred cost increases. Note that a decrease in the shortage cost has the opposite effects (case 10).
-Variation of the raw material cost C RM (cases 12 and 13): An increase in raw material costs implies an increase in the total cost of non-conforming items produced by the manufacturing cell. To reduce the total cost of non-conforming items, the inventory level should be lowered and preventive actions performed more frequently when the raw material cost increases (case 13). Therefore, the hedging point level Z * and the preventive maintenance age threshold (T * ) decrease, while the overall incurred cost increases. Note that a decrease in the raw material cost has the opposite effects (case 12).
-Variation of the manufacturing cell operating cost C MCO (cases 14 and 15): A variation of the operating cost of the manufacturing cell has the same effect when compared with the variation of the raw material cost, but with a lower impact. Table 2 presents six configurations of the manufacturing cell derived from the basic case (case 1) by changing the percentage of non-conforming items, the preparation time for restoration, and the mean time of restoration actions, to higher and lower values, one at a time. The first observation from Table 2 is that the optimum parameters of the joint HPP/APM policy evolve in the same direction and with the same magnitude in response to any variation in related quality and restoration parameters. Their variations are examined and compared with the basic case as follows:
Influence of the percentage of non-conforming items, the preparation time for restoration, and the mean value of the restoration time distribution
-Variation of the percentage of non-conforming items  (cases 2 and 3): When the fraction of non-conforming items increases (case 3), the joint control policy gives preference to preventive maintenance, and as a result, the preventive maintenance age threshold (T * ) decreases. In this situation, the average number of failures decreases, resulting in fewer inventory shortages. Accordingly, the inventory control requires a lower hedging point Z * . Increasing the percentage of non-conforming items leads to an increase in the non-conforming incurred cost, and thus to an increase in the overall cost. A decrease in the percentage of nonconforming items has the opposite effects (case 2). -Variation of the preparation time for restoration LDP (cases 4 and 5): A variation of the logistic delay period has the same effect when compared with the variation of the percentage of non-conforming items. In fact, the logistic delay period and the percentage of nonconforming items are the main parameters affecting the total cost incurred by producing nonconforming items. However, we note that the variation of LDP has a lower impact than that of the percentage of non-conforming items.
-Variation of the mean time to restoration MTTR (cases 6 and 7): The risk of shortage is essentially affected by the mean time to restore the manufacturing cell. In fact, an increase in the MTTR implies a higher inventory level and more frequent preventive actions in order to avoid shortages (case 7). Therefore, the hedging point level Z * increases, while the preventive maintenance age threshold (T * ) decreases. An increase in the mean time to restore the manufacturing cell also implies an increase in the overall incurred cost. It can be noted that a decrease in the mean value of the restoration actions has the opposite effects (case 6).
Conclusions
This paper presents an integrated strategy for the joint optimization of the production-inventory control and the preventive maintenance of an imperfect process manufacturing cell responding to a constant and continuous demand. The production-inventory control policy is based on the hedging point policy which allows finished product security stock to be built in order to hedge against eventual shortages during system restoration periods when the manufacturing process shifts to the 'out-of-control' state. An age-based preventive maintenance policy has also been considered in order to reduce the shift rate to the 'out-of-control' state.
A mathematical model has been proposed for manufacturing cells having general distributions of restoration periods and the shifting times to the 'out-of-control' state. The proposed model takes into account all possible scenarios that can occur, depending on the instant at which the manufacturing cell shifts to the 'out-of-control' state. This directly affects the costs incurred during the production phase and the length of the production/restoration cycle, providing the underlying link between production, maintenance, and quality aspects of manufacturing systems.
A numerical procedure is also developed to solve the complex mathematical model and to generate the joint optimal strategy described by the security stock hedging level (Z * ) and the age threshold (T * ) at which preventive actions should be performed. The joint optimal strategy minimizes the overall expected cost per time unit, including setup, preventive maintenance, restoration, inventory holding, shortage, and non-conforming item costs.
The numerical resolution procedure was first tested on a base case example of a manufacturing cell with realistic operational, maintenance, and cost parameters. The results show that the preventive maintenance policy contributes to a reduction of the overall incurred cost. Sensitivity analyses based on several experiments have also been carried out to show the effectiveness and the robustness of the proposed integrated model. In fact, the results show that the joint optimal policy is generally sensitive to the cost, the production/maintenance, and the quality parameters of the manufacturing cell considered.
This article should stimulate further research on joint production control/preventive maintenance policies. We suggest that other preventive maintenance strategies, as bloc replacement policies, should be investigated. In the other hand, this research should be extended to develop analytical models for more complicated systems, such as failure prone manufacturing systems and products subject to perishability phenomenon.
